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Table  3. Bond lengths and angles 

C1-O z 1.453 + 0-009 .~ I weighted 
CI-O 2 1"43(,) ~ 0.009 . mean 
CI-O 3 1.465 +_ 0.008 I 1.452 +_ 0.005 .~ 

O I - - C 1 0  a 108 ° 9'__+30' 
Ov-C1-O ~ 111 ° 30" _+ 30' 
O.,..-C1 0 a 110 ° 30' ± 30' 

aga in  ( lemonst ra te( t  the  i m p o r t a n c e  of co r rec t ing  for 
ro t a t i ona l  oscil lation. 

Hydrogen atoms 
Lee & C a r p e n t e r  were  unab le  to f ind the  h y d r o g e n  

a t o m s  in p ro jec t ion ,  nor  did t h c y  f ind th ree  O 5 " ' ' O  
d i s tances  sho r t e r  t h a n  the  o thers  such as m i g h t  be 
e x p e c t e d  for a h y ( t r o g e n - b o n d e d  H~O + ion. T h e y  sug- 
ges ted  e i the r  (i) t h a t  t he re  is free ro t a t i on  of the  h y d r o g e n  
a t o m s  a b o u t  the  o x y g e n  a tom,  or (ii) t h a t  the  h y d r o g e n  
a t o m s  were  e q u i d i s t a n t  f rom pairs  of o x y g e n  a t o m s  on 
the  n e i g h b o u r i n g  p e r c h l o r a t e  ions. 

i n  an cn( teavour  to locate  the  h y d r o g e n  a t o m s  a three-  
d imens iona l  d i f fe rence  syn thes i s  was car r ied  ou t  wi th  Fc 
f rom the  final an iso t ropie  p a r a m e t e r s .  As m i g h t  be 
e x p e c t e d  f rom the  small  va lue  of R, t he re  were  no large 
peaks  o,' t h r o u g h s  and  the  posi t ive  values  wi th in  a rad ius  

of 1-5 A f rom ()5 were  smal ler  t h a n  those  in posi t ions 
which could no t  be a t t r i b u t e d  to h y d r o g e n  a toms .  This  
ev idence  indicates  the  free ro t a t i on  of the  h y d r o x o n i u m  
ions, and  is cons i s t en t  wi th  the  p r e l im ina ry  resul ts  of a 
n e u t r o n - d i f f r a c t i o n  s t u d y  (Smi th  & Levy ,  1959). 

C o m p u t a t i o n  was car r ied  ou t  on the  Leeds  Un ive r s i t y  
F e r r a n t i  Pegasus  c o m p u t e r  wi th  p r o g r a m m e s  publ ished 
in 1960 (Cruickshank,  Pil l ing and  in p a r t  Bujosa ,  Loveli  
& Tru te r ) .  

I am  gra te fu l  for the  use of the  facili t ies of the  Comput -  
ing L a b o r a t o r y  and  to m y  colleagues for the  use of the i r  
p r o g r a m m e s .  
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I n t r o d u c t i o n  

Klein (1884) gave  an a c c o u n t  of the  subgr(mps c()n- 
t a ined  in a n y  t)oint-groul),  b u t  t h o u g h t  it unneces sa ry  
to e n u m e r a t e  these  subgroups  in his book.  R e c e n t l y  
Wittl~e & ( la r r ido  (1959) t a b u l a t e d  some of thcse,  b u t  
r e s t r i c t ed  the i r  a t t e n t i o n  to crys ta l logra i )h ic  i)()int-groul)s. 
In  this  p re sen t  no te  the  t r e a t m e n t  is ex tendc( l  to t he  
icosahcdra l  po in t -groups ,  anti the  genera l  case for the  
I)()int-groups r, r2, rm, r, rm, r /m and  r /mmm can be 
()t)taine(t by  Kle in ' s  analysis .  The  n o t a t i o n  he re  used is 
the  same  as t h a t  ()f \V i t tkc  & (~arri(to. 

D e f i n i t i o n  o f  a c o l o u r e d  p o l y h e d r o n  

A 'co loured  polyhe(h 'on '  has  its shape  governe(I  by  a 
po in t -g roup  G but  has  its faces colourc(l in a w a y  tha t  
obeys  a d i f fe ren t  po in t -g roup  g. g is a subgrou  I) of G, 
an(t 0," is a n y  group  for which g . g "  = G .  G anti p, have  
M and  mg faces in the i r  genera l  fo rms  rest)ect ivcly , t hus  
the  n m n n e r  ()f eoh)urs s required  for the  genera l  co loured  
l )o lyhedron is .lI/mg. All the  s y m m e t r y  opera t ions  of G 
no t  inelude(t  in g do no t  necessar i ly  form a group,  bu t  
m u s t  change  the  ('olour of a n y  face, on which  t h e y  act ,  
and  these  are  called colour  s y m m e t r y  opera t ions .  

M u l t i c o l o u r e d  f a c e s  

The  n u m b e r  of d i f f e ren t  (;oiours r e la ted  by mc (colour 
mirror) ,  rc (col<>ur r-f(>l<l axis) and  rome (re in the  t)lane 
of me) are c lear ly  2, r and 2r respec t ive ly .  A special fo rm 
of G is p roduced  if the  face no rma l  lies in a mi r ro r  p lane  

()r paral lels  an r-fold axis, and  this  is ( ienoted in the  
fables  by m or r. The  faces of a n y  special  fo rm can be 
sectione(t by lines in such a way  t h a t  the  se('tions, con- 
si(lered as separa te ,  obey  the  genera l  i)<)int-gr<)up sym-  
m e t r y .  These  lines can be obta imxt  f rom the  c(lges 

Table  I. The number of colours n present on each J'(u'e o/" 
the special forms of the point group 5m3m 

g m q s 5 3 2 m ~,' * 
_ . _. 

5m3m 120 l l [ 1 I 1 
532 60 2 2 2 2 2 m 

52 10 12 2,10 6 2,4 2 3m 
5 5 24 2,10 6 4 2 3m 

10 12 2, i 0 6 4 2 3m 
5m 10 12 1,5 3 2 1,2 3 

i5m(2) 20 (i 1,5 3 2 1,2 3 
.m 3(2) 24 5 5 2,3 1,4 1,2 5 * 

23 12 10 10 2,6 2,4 2 5m * 
32 6 20 10 2,6 2,4 2 5m * 

3 3 40 10 2,6 4 2 5m * 
6 20 l 0 2,6 4 2 5m * 

3m 6 20 5 1,6 2,4 1,2 5 * 
3m(2) 12 I0 5 1,6 2,4 1,2 5 * 

222 4 30 10 (i 2,4 2 5m * 
2 2 60 10 6 2,4 2 5m3m * 

mmm(2) 8 15 5 3,6 1,4 1,2 5 * 
ram(2) 4 30 5,I0 3,6 1,2,4 1,2 532 * 

2/m 4 30 5,10 3,6 2,4 1,2 532 * 
~n 2 60 5,10 3,6 2,4 1,2 532 * 
]- 2 60 10 6 4 2 532 * 
1 l 120 ! 0 6 4 2 5rn 3m * 

• Denotes a crystallographic subgroup. 
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Table  2. The number of colours n present on each face of 
the special forms of the point group 532 

g m q s 5 3 2 g" * 

532 60 1 1 1 1 l 
52 l0 6 1,5 3 1,2 3 

5 5 12 1,5 3 2 3 
23 12 5 5 1,3 1,2 5 * 
32 6 10 5 1,3 1,2 5 * 

3 3 20  5 1,3 2 5 * 
2'22 4 15 5 3 1,2 5 * 

2 2 30 5 3 1,2 52 * 
1 l 60 5 3 2 532 * 

* Denotes a crystallographic subgroup. 

Fig. 3. G=532 ,  g = 2 3 .  

Fig. 1. G=Sm3m,  g = m 3 .  

be tween  faces of the  genera l  fo rm whose norma l s  tend  t() 
parallel  those  of the  special form.  If  the  special form 
face no rma l  lies in an me, or is paral lel  to an re, or both ,  
t hen  the  sect ions of this face will be in n d i f fe ren t  colours,  
which will be 2, r and  2r respec t ive ly .  W i t t k e  & Gar r ido  
sut )er imposed all these  n colours on the  face, b u t  then  
this some t imes  des t roys  colour  opera tors .  A s imple 
example  is given by G = m 3 m  and  g = 2 3  with the  special 
fo rm ( l l0 ) ,  (or in this  n o t a t i o n  2). All the  faces t hen  h a v e  
n = 4  and  if these  are  supe r imposed  the  colour  mi r ro r  
p lanes  become  t rue  mirrors .  

A s y m m e t r y  opera to r ,  say  r, m i g h t  occur  more  than  
once in G b u t  no t  all of these  need  belong to  g. Then  
some faces of the  special fo rm p r o d u c e d  when  the  face 
normals  are  paral lel  to the  r-fold axis will be b r o u g h t  
into se l f -coincidence by  an re, whereas  the  o the r  faces 
will still have  n = 1. "When this occurs the  two values  of 
n are  tabulat ( ;d  in the  s ame  space.  

Tables  1 and  2 give n for the  icosahedral  po in t -groups ,  
and  a no te  is m a d e  of the  cases where  g is a crystalh)-  
g raphic  po in t -group .  The  in te res t ing  cases, Figs. l, 2 and  3 
h a v e  cubic subgroups .  The i r  i m p o r t a n c e  lies in the  fact  
t h a t  some viruses  which  crysta l l ize  in the  cubic sy s t em 
have  the  s y m m e t r y  of the  po in t -g roup  5m3m or 532 about  
each la t t ice  po in t  ( H o m e  et at., 1959). 

I wish to t h a n k  I)r  N. ,Joel for his e n c o u r a g e m e n t  and  
1)r XV. Cochran  for va luable  cr i t ic ism. 

Fig. '2. G--- 5m3m, g = 23. 
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